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Wave
Sinusoidal signal review
Complex exponential signal

Complex amplitude (phasor)
What is Spectrum
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\2 D wave

BOAT person can send message by making water wave.
LAND person can understand message by the movement of the float.
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‘ Even with FOG

LAND person just observe ONLY the float.
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‘ Even with NOISE

If main signal is enough stronger than the interference (noise),

LAND person can observe the message.
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Typical wave “Sinusolids”

t:time

X(t) — ACOS(a)Ot 4 ¢) A : amplitude
W 4 : radian frequency
® : phase-shift
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‘ Review of cosine and sine

y=rsing

=)

X =T COS{@
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Period T, of sinusoids

X(t+T,) = x(t)
Acos(aw,(t+T,) + ¢) = Acos(w,t + @)
cos(aw,t + @, T, + @) = coS(w,t + @)

T =2~

=) o

oL
fO

w1, =2r
(27f,)T, =27

HO#2 2006/April/21 System Arch 2006 (Fire Tom Wada)



QUIZ — what Is the equation?-

AMPLITUDE

-0.5 0.5

05 L i
TIME  (5&c)

SINUSOID: x(t) = A cos{2*pi * f0*t + phi)

AMFLITUDE

o 0 05
TIME (sec)

-0.5
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Review of complex

Cartesian Form
o Complex z=(x, y)
0 X =Real partof z :

0y = Imaginary part of z . y

QZ=X+]Yy
Polar Form
o Complex z=(r, 0 )
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Cartesian Form and Polar Form




Transform

Polar to Cartesian

X =T COS{@
y=rsineg

HO#2 2006/April/21

Cartesian to Polar

rz\/x2+y2

6 = arctan(lj
X
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Euler’s law
e!’ =cosé+ jsing

Im{z

@y;l - Relz|
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Complex exponential signal (R

X(t) = Agi@+)

otation Function)

= Acos(w.t + @) + JASIN(w,t + @)

Amplitude = A Imiz}

O wWyt+d A

\oo o fadian per second
® : phase-shift /
W 4 : rotation speed i :

- Relz}
i -A A
o + : counterclockwise
o - : clockwise

-A
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The complex exponential signal is another
representation of cosine signal

X(t) = RejAe! @) | = Acos(wt + @)

Re means a Projection to X-axis
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Inverse Euler’s law

el? e 1!
COSH =
(ej(a)ot+¢) 4 e—j(a’ot+¢) )
Acos(a,t + @) = As > >
X(t)+X (t) _
- 5 & refx()

X*1s conjugate of X.
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Inverse Euler’s law (2)

el? y g1
COSH =
2
. el —eg
Siné = _
2)

Real signal is the combination of + and -
frequency complex exponential signal.

( eJ (w0t+¢) _I_ e_J (w0t+¢) )
2

. J

Acos(a,t + @) = A
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Complex amplitude (Phasor)

X(t) = ‘Re{ e’(“’f)”"’)} Acos(at + @)
X(t) Ap!(@*9) _ AQl?  alod

X = Ael’

X(t) = Xe!™

X Is called as Complex Amplitude or Phasor.
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Complex amplitude (Phasor) -2-

| . a) t A 1
| X — Aej¢ ej O1 w , radian per second
-1 1

Imiz} K1
Al . Wradian per second

X(t) = Xe"”otf
-A : A; me{z}
\J » X shows the t=0 position.
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Why Phasor Is useful?

If you want to add two waves....

X, (t) =1.7cos(27(10)t + 70 /180)
X, (t) =1.9cos(27(10)t + 2007 /180)

Make the complex exponential signal

X, (t) = Re1.7e! 07"+ . )27
X, (1) = R1.9e! 2710 . gl27 (0]
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Why Phasor Is useful? (2)

Make the Phasor...

X, =1.7e'%""*%* = 0.5814 + j1.597
X, =197 = 1,785 j0.6498

Add them...
X,= X, + X,

— 0.5814+ |1.597 + (~1.785— j0.6498)
— ~1.204+ j0.9476

_ 1 5326J 141.797/180
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Why Phasor is useful? (3)

Result

X. =1 5326j141.7972'/180

3 — L.
X3 (t) _ md1.5326j141.7972'/180 . ej27r(10)t]
—1.532cos(27(10)t +141.797 /180)
=1.532cos(27(10)(t + 0.0394))
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2 different frequency composition

2 apart frequencies

YELLOW =RESLULTANT

GREEN = 2nd PHASOR 2 C I ose fre q uenc | es
- Beat

: o N
. 4 .
. %
. o
- L
B T

L]
=
R |

]
YELLOW = RESUILT ANT
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Sum of N cosine waves

X(t) = A+ i A, cos(2af t + ¢, )
Xk _ A<ei¢k

X(t) = X, + ZN:i)%e{Xkejz”fkt}
k=1

N fX | X* | h
= X+ Y kel 4 Tk gl
| 2 2

y,

This is sum of 2N+1 different frequency signals.
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What Is Spectrum

Spectrum is the set of phasors for each
frequencies.

{(xo,o), 6 X, flj,(% X; - flj,(% X,, fzj,(% X; - fzj,...}
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Spectrum plot

N [ | * | )

X(t) = XO+Z<ﬁerﬂfkt 4 ><k g 12t |
1| 2 2 )

N=3
< X; Xy X
x; Xe 7 05 X X
2 2 2 2
‘ ‘ ‘ ‘ ‘ ‘ , frequency
f (Hz)

The line length is proportional to |phasor|.
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Example

X(t) =10+14cos(200t — 7z / 3) + 8cos(500t + 7 / 2)
_ 1O_|_ 7e—j7r/36j27r(100)t 4 7ej7z/Se—j27r(1OO)t

_I_4ej7z/2ej27r(250)t _|_4e—j72/26—j27z(250)t

10
4e—j72-/2 7ej7Z/3 7e—j71'/3 4ej”/2

‘ ‘ ‘ ‘ , frequency

250 -100 0 100 250 F(Hz)
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HW1-1

2.30

Waveform for Problem

R -

__4“ [ i I i I
-2 -1 i} 1 2 3 4 g ]
tima in milliseconds

(a) The above figure shows a plot of a sinusoidal wave. From the plot, determine the values
of A, wy, and =7 < & = 7 in the representation

#{t) = Acos(ugt + #)
Where appropriate, be sure to indicate the units of the sinusmdal signal parameters,

(b) Determine a complex signal
z(t) = B!

such that z(t) = Re{z(1)].
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HW1-2

It is possible to rewrite the sinusoidal signal z(t) = A cos(w.t + ¢) in the form:
x(t) = Acos{w.(t — 1)) (1)
(a) Determine a formula that gives the relationship between ¢ and ¢,.

(b) When z{t) = sin(117t) determine the value of {; that would be needed in the representation
of equation (1).

(¢) Prove that a peak of the cosine wave will always be at t = ¢;.

2.68

HO#2 2006/April/21 System Arch 2006 (Fire Tom Wada) 28



HW1-3

A signal composed of sinusoids is given by the equation
z(t) = 20 cos(4007t — 7 /4) + 5=in(8007t) — 6 cos(12007t)

(a) Sketch the spectrum of this signal indicating the complex size of each frequency component.
You do not have to make separate plots for real/imaginary parts or magnitude/phase. Just
indicate the complex phasor value at the appropriate frequency.

(b) Is z(t) periodic? If so, what is the period?

(c) Now consider a new signal y(t) = z(t) + 10cos{600xt + = /6). How is the spectrum changed?
Is y(t) still periodic? If so, what is the period?

{d) Finally, consider another new signal w(t) = x(t) + 10cos{1800t 4+ = /6). How is the spectrum
changed? Is w(t) still periodic? If so, what is the period?

3.9
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